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It is shown that, in the presence of a moderately strong C4 symmetry breaking (which could be
produced either by lattice orthorhombicity or the presence of an electron nematic phase), a weak,
period 4, unidirectional charge density wave (“charge stripe”) order can reconstruct the Fermi surface
of a typical hole-doped cuprate to produce a small electron pocket. This form of charge density
wave order is consistent with that adduced from recent high field NMR experiments in YBCO. The
Fermi pocket has an area and effective mass which is a rough caricature of those seen in recent high
field quantum oscillation experiments.
PACS numbers:
There is clear evidence that, in addition to supercon-
ductivity, other broken symmetry electronic phases occur
in some circumstances in the cuprate high Tc supercon-
ductors. Discovering and characterizing these orders is
an integral part of cuprate research.
A high level of excitement has accompanied the
discovery[1] of quantum oscillations in high quality “un-
derdoped” crystals of YBCO when superconductivity is
quenched by high magnetic fields [2–6]. What is appeal-
ing about these experiments[7] is that they potentially re-
veal the properties of ordered groundstate phases which
compete with superconductivity. Specifically, these ex-
periments unambiguously establish the existence of small
Fermi pockets with well defined gapless Fermionic quasi-
particle excitations. Significantly this “fermiology” is
quite different from that of highly overdoped materials
as also inferred from quantum oscillations[8]. Although
there is some uncertainty concerning the number of Fermi
pockets in underdoped YBCO, there is growing consensus
that there is at least one “electron-pocket” which encloses
roughly 2% of the Brillouin Zone (BZ). While there are
some reasons to worry[6] that this pocket may reflect a
material specific band which is irrelevant to the physics
of the copper-oxide plane, it is widely considered more
likely that the electron pocket is the result of a Fermi
surface reconstruction brought about by some form of
translation symmetry breaking density wave order.
Theoretical calculations have shown that basic features
of the above fermiology can be accounted for under the
assumption that the system manifests d-density wave
(dDW) order[9], spin-spiral order[10], or spin-stripe[11]
order[12]. In contrast, it has been argued[12] that unidi-
rectional CDW (or charge stripe) order cannot produce
the requisite electron pocket.
In this context, it is significant that a recent high field
copper NMR experiment[13] performed on a YBCO sam-
ple which does exhibit quantum oscillations has lead to
the following conclusions:
1) There is no effective magnetic field on the Cu sites –
this rules out any form of SDW order, although, for spe-
cial symmetry reasons, it does not rule out dDW order.
2) There is a charge density modulation most probably
associated with a site centered unidirectional CDW with
period equal to 4 lattice constants [14]. Moreover, the
amplitude of charge modulation is estimated to be about
0.03± 0.01e per planar unit cell.
Very similar forms of charge order have been observed
directly[11, 15–18] with neutron and X-ray scattering for
some time in the 214 family of high temperature super-
conductors, especially ones with generally reduced su-
perconducting transition temperatures. Such order is of-
ten referred to as “charge stripes.” Other studies have
revealed a strong enhancement of spin-stripe order in
LSCO when superconductivity is suppressed by a moder-
ate magnetic field[19]. In addition to the above, evidence
of a tendency to formation of charge density wave order
with period near 4 lattice constants has been adduced
from STM studies of other underdoped cuprates[11, 20–
23], and of field induced CDW correlations in vortex
cores[24]. Given these results, it is important to revisit
the issue of whether a pure uni-directional CDW order
can produce the requisite electron pocket in YBCO.
In the following we demonstrate that charge stripes can
produce an electron pocket with the indicated character-
istics so long as, in addition to the CDW order, the elec-
tronic structure also breaks C4 rotational symmetry suf-
ficiently strongly. Of course, unidirectional order, itself,
breaks this symmetry, as does the orthorhombic structure
of YBCO. However, if these explicit symmetry breaking
effects are too weak, as existing calculations suggest, then
the strong C4 symmetry breaking could also reflect the
existence of an intrinsic electronic tendency to form an
“electron nematic” state[25], for which there is consider-
able independent experimental evidence[11, 23, 26–30].
In order to convey our message clearly let us consider
2the following simple tight-binding Hamiltonian.
H =
∑
~R,σ
{
− t
[
(1 + φN )c
†
~R,σ
c~R+xˆ,σ + (1− φN )c
†
~R,σ
c~R+yˆ,σ
]
− t′
[
c†~R,σc~R+xˆ+yˆ,σ + c
†
~R,σ
c~R+xˆ−yˆ,σ
]
+ h.c.
}
−
∑
~R,σ
[
2V0 cos(πX/2) + 2V2 cos(πX) + µ
]
c†~R,σc~R,σ. (1)
For φN = V0 = V2 = 0 the model is a caricature of
the low energy bandstructure associated with the copper
oxide planes inferred from ARPES studies – fits to the
Fermi surface shape in Bi2201 [31] yield values of t′/t
between −0.2 and −0.3, and in LSCO [32] between −0.3
and −0.4. Often these fits also invoke a third-neighbor
hopping matrix, t′′/t between 0.1 and 0.2. For the ex-
plicit calculations we have carried out, we have taken
t′/t = −0.3 or −0.4 while t′′/t = 0, although within
some broad range, the results are not highly sensitive to
the choice of band parameters.
Because YBCO cleaves between highly dissimilar
planes, its surface can potentially have a large effect
on the surface electronic structure accessible to ARPES
studies. The analysis of the ARPES spectrum is further
complicated by the (possibly substantial) bilayer split-
ting of the bands expected in YBCO, and the presence
in some form of chain-related bands. Despite all this,
most ARPES studies[33–35] have inferred a rather sim-
ilar “normal-state” Fermi surface structure for YBCO
as those seen in other cuprates with an inferred value
of t′/t ≈ −0.4. However, a recent ARPES study[36] of
YBCO films has observed a Fermi surface shape which
is rather different from other ARPES results and, corre-
spondingly, from our assumed model.
The remaining parameters in H represent various bro-
ken symmetry. φN is a measure of the degree of asymme-
try upon 90o rotation in the absence of the density wave
order, which reflects both the roughly temperature inde-
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FIG. 1: The schematic representation of the Fermi surface
with (solid line) and without (dashed line) nematic ordering.
In (a), t′/t = −0.3 and φN = 0.074; in (b), t
′/t = −0.4 and
φN = 0.143 in (a) and (b) respectively. In both cases, the
doping is x = 1/8.
pendent effects of the crystalline anisotropy and a poten-
tially larger and more strongly temperature dependent
contribution from any intrinsic tendency toward electron
nematic order [37]. The term proportional to V0 is the
fundamental Fourier component of the effective potential
representing translation symmetry breaking correspond-
ing to a period-4 uni-directional CDW; the choice of the
phase of the cosine corresponds to site-centered charge-
stripe order (as indicated by the NMR results). The term
proportional V2 is generally present as the only allowed
harmonic of the fundamental period in a site-centered
charge-striped state; in the special case where we are
dealing with the Ortho II phase of YBCO, there is a
further contribution to V2 (which is unrelated to density-
wave formation) which comes from the existence of alter-
nating oxygen-full and oxygen-empty chains in the Ortho
II crystal structure. The chemical potential µ is adjusted
so that the density of doped holes per planar Cu is in the
neighborhood of 10%.
In Fig. 1 we show the Fermi surfaces associated
with an isotropic normal phase, φN = V0 = V2 = 0
(dashed line), and with an anisotropic uniform phase,
φN 6= 0, V0 = V2 = 0 (solid line) where φN = 0.074
and 0.143 in Figs. 1a and 1b, respectively. Note that we
have taken φN larger than the critical value φc (which are
φc = 0.072 and 0.142 for the choice of band parameters
in Figs. 1(a) and 1(b), respectively) at which point the
Fermi surface topology changes from closed (and hole-
like) to open. This sort of Fermi surface reconstruction
has been invoked previously[38] to account (in the con-
text of a weak-coupling RPA treatment) for the nematic
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FIG. 2: Schematic representation (thick black lines) of the
folded Fermi surface with nematic ordering and period-4
charge stripe order and x = 1/8. In (a), t′/t = −0.3,
φN = 0.074, V0 = 0.15t, and V2 = 0.10t, while in (b),
t′/t = −0.4, φN = 0.143, V0 = 0.11t and V2 = 0.09t, and the
electron pocket encloses roughly 1% of the unreconstructed
BZ. The parameters have been chosen for graphical clarity.
When comparing with experiment we have taken V0 = 0.02t,
and V2 = 0.01t, so that the electron pockets are roughly 2%
of the BZ, but then the gaps between Fermi surface segments
are quite small. The thin (red) lines are the zone-folded Fermi
surfaces in the limit of vanishing stripe order, V0 = V2 = 0,
and the (blue) shaded line is the unfolded Fermi surface.
3order detected[27] in inelastic neutron scattering studies
of somewhat more underdoped YBCO than the mate-
rial which exhibits quantum oscillations. Two important
wave-vectors which characterized the open Fermi surface
are q and q′, the minimum and maximum spanning vec-
tors of the Fermi surfaces in Fig. 1. Clearly, q and q′
depend on the magnitude of φN , the doping level, and
other band-structure parameters.
In Figs. 2(a) and 2(b) we show the reconstruction of
the Fermi surface produced by a non-zero CDW poten-
tial, V0,2 > 0. We report the parameters used to con-
struct these results in the figure caption. However, the
qualitative features are easily understood without any
calculation, by folding the Fermi surface according to the
period four charge stripe order (thin red lines in Fig. 2),
and reconnecting the Fermi surfaces (thick black lines in
Fig. 2) to produce gaps where ever two folded Fermi
surfaces cross.
As a result, so long as 2π > q′ > 3π/2, a small electron
pocket will be formed where the Fermi surface in the
presence of nonzero φN makes its closest approach to
the (π, 0) point. The size of this pocket is a decreasing
function of V0, and also of (q
′−3π/2). An elelctron pocket
with an area around 2% of the BZ (corresponding to the
size observed in the quantum oscillations experiments)
can be obtained by choosing small values of V0 and V2;
for the purposes of computing quantities to compare with
experiment, we will take take V0 = 0.02t and V2 = 0.01t
and the remaining parameters as in Figs (a) and 2(b).
(However, for graphical clarity, in Fig. 2, we have chosen
larger values of V0 and V2 to make the character of the
Fermi surface reconstruction easier to visualize.) If q is
considerably less than π/2, then even for non-zero V0 (so
long as it is not too large), there will be a hole pocket
near the (0, π) point in the BZ, as shown in Fig. 2(a).
Conversely, if q is close to π/2, the portion of the Fermi
surface near (0, π) is nearly nested, so even a small CDW
potential (V0 6= 0) will open a gap in that region of the
BZ – the case shown in Fig. 2(b) [39]. The remaining
portions of Fermi surface are open, as can be seen in the
figures, and so cannot contribute to quantum oscillations
(although they can contribute to transport anisotropy).
From the temperature dependence of the quantum os-
cillations, it is possible to extract the value of the effective
mass. The effective mass that enters the expression for
the quantum oscillations is
m∗ ≡
~
2
2π
∫
dk‖
|∇~kǫ~k|
(2)
where the integral is over the Fermi-surface of the rele-
vant pocket, and ǫ~k is the dispersion. With this defini-
tion, the electron pockets in Fig. 2(a) and 2(b) have effec-
tive mass m∗/me = 0.19eV/t and 0.22eV/t, respectively,
where me is the bare electron mass. The measured effec-
tive mass in the quantum oscillations is typically about
twice the free electron mass, although it varies somewhat
with doping concentration. This would agree with the
above result if we set t ≈ 0.1eV [40].
The same effective mass enters the contribution of the
electron pocket to the specific heat. As we are ignor-
ing all effects of bilayer coupling, there are two identi-
cal electron pockets per Cu-O bilayer in the reduced BZ
(−π < ky ≤ π and −π/4 < kx ≤ π/4). At low temper-
atures, this gives rise to an electron pocket contribution
to the specific heat, Cel−poc = γel−pocT with γel−poc =
2.92(m∗/me) mJ·K
−2·mol−1, which is comparable to the
total specific heat measured[6] in the relevant field range
- for instance[6], at 40T, γexp ≈ 4.2 mJ·K
−2·mol−1. How-
ever, the total contribution to the specific heat from all
the portions of the Fermi surface in the reconstructed
band-structure is γth = 3.28(eV/t)mJ·K
−2·mol−1 for
Fig. 2(a) and 4.03(eV/t)mJ·K−2·mol−1 for Fig. 2(b),
which for any reasonable value of t are considerably larger
than the measured specific heat. This is a serious prob-
lem with interpreting experiments in YBCO in terms of
the simple model considered here. Possibly, as conjec-
tured by the authors of Ref. [6], superconducting fluc-
tuations still produce a residual gap on at least some
portions of the “normal state” Fermi surface.
The amplitude of the charge modulation, defined as
the difference between the highest and lowest site charge
density, is calculated to be about 0.05e in both cases of
Fig. 2(a) and Fig. 2(b), which is reasonably close to the
value 0.03±0.01e, adduced[13] from the high field NMR
experiments. The relative modulation of density of states
at the Fermi level (ρ) is computed to be about δρ/ρ¯ ≈ 0.1
for Fig. 2(a) and δρ/ρ¯ ≈ 0.04 for Fig. 2(b), from which
the corresponding variation of the Knight shift can be
predicted. (The spatial average of ρ is ρ¯ ≈ 0.5/t.)
Obviously there are many further effects that have not
been taken into account in the present study. For exam-
ple we have ignored the effects of fluctuations, and of in-
cipient spin order. Moreover, there is some evidence[41],
from neutron scattering studies of phonon anomalies
in YBCO, that there is a strong tendency toward 2kF
charge density wave formation along the stripe direction
(i.e. along the y direction), which we have neglected as
well. Certainly, the rough consistency we have demon-
strated with experiment is far from a unique property of
our simple model. For example, at least as good agree-
ment with the quantum oscillation data has been ob-
tained under the assumption of dDW order[9].
In addition, there are many aspects of the this problem
that are perplexing, and may well imply that much more
subtle effects are at play. A few of the more vexing are:
1) It is not at all clear how to reconcile the existence of
an electron pocket in the antinodal region, near (π, 0),
with clear spectroscopic evidence of a well developed
pseudo-gap in this region.[42] The NMR data suggests
that charge stripe order condenses only when the field ex-
ceeds a large critical value, of order 20T, and possibly this
field is large enough to quench the antinodal pseudogap.
4However, an intuitive link has been suggested between
the existence of an electron pocket and the observed sign
change of the Hall resistance and thermopower[43, 44]
below a critical temperature, T0. This sign change can
be observed at relatively low fields in YBCO with x
near 1/8, where spectroscopic studies still show a well
developed pseudo-gap[45–47]. Moreover, similar signa-
tures are seen in the Hall and thermopower[43–45] in
Eu doped LSCO and LBCO, where the superconducting
Tc is suppressed and charge stripe order is stabilized by
the LTT crystal structure, even in zero field and where,
moreover, the existence of an antinodal pseudogap is well
established[45]. 2) It is observed that at lower doping,
x ≈ 8%, YBCO does not exhibit quantum oscillations.
It has been suggested[48] that this is due to the electron-
pocket vanishing by a Lifshitz transition. While such a
transition is possible in the present scenario, it does not
seem natural. However, at this low doping, spin order is
observed[49–51], which at short distances can be thought
of as spin-stripe order, but at long distances is character-
ized as a spin-glass. Possibly the scattering of electron
quasiparticles from the spin-glass order or slow fluctu-
ations quenches the quantum oscillations. 3) Most im-
portantly, the specific heat data[6] strongly suggest that
substantial local superconducting order, and the corre-
sponding gapping of the quasiparticle spectrum, survives
even at the high fields where quantum oscillations are ob-
served. How any of the physics we have addressed plays
out in the presence of strong superconducting fluctua-
tions is unclear to us at present. 4) Finally, it is im-
portant to stress that the model we have treated omits
many material specific details, such as effects of bilayer
splittings and the presence of chain bands, which even if
they are not conceptually important, can greatly affect
the outcomes of specific experiments.
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